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Dust particles in a plasma can be highly charged. The Debye screening of the dust particles can seri-
ously affect the Coulomb collective interaction. The dynamic spectral density function of a dusty plasma
in a weak turbulence and weakly coupled state has been derived by kinetic theory. A detailed analysis of
the electron dynamic spectral density function in the dusty plasma shows that the Debye screening of the
dust particles increases the electron density correlation of the plasma considerably. This increase is pro-
portional to the ratio of densities n,/n, and the square of the dust charge number Zj=(g,/¢)’. A
correction of electron density correlation of an order PQ? /w? results because of the change of the charge
on the dust particles. Here P is a parameter describing the importance of the dust charge in the plasma,
Q. is the charging frequency of the dust particle, and o is the fluctuation frequency of the plasma.

PACS number(s): 52.25.Dg, 52.25.Kn, 52.35.Ra, 52.35.Fp

I. INTRODUCTION

Dusty plasma occurs frequently not only in nature (in-
terstellar clouds, solar system, the Earth’s atmosphere,
etc.), but also in man-made environments such as, for ex-
ample, microelectronics fabrication, materials synthesis,
and laboratory experiments. Recently there has been a
growing interest in dusty plasma studies [1-5]. It is well
known that when dust particles are immersed in a par-
tially or fully ionized plasma, the charge characteristics
of the dust particles makes it a special component of the
plasma. One of the characteristics is they can be highly
charged Z;=gq,/e~10* [T (eV)] [a (um)] (see Sec. IV).
Another is that the charge on the dust particles is not
constant, it can fluctuate and also change if the dust den-
sity or plasma conditions change. This should
significantly influence on the collective properties of the
plasma, where the Coulomb interactions play a dominant
role. Indeed, in some cases a dusty plasma exhibits spe-
cial collective effects such as strong scattering of elec-
tromagnetic waves by dust in the Earth’s mesosphere [6],
the crystallization of a dusty plasma in experiments [7],
the dust self-organization behavior in a rf discharge plas-
ma (8], etc.

The dynamic spectrum density function S(w,k) is a
spectral function of the density fluctuation correlation.
In a uniform and stationary system it can be written as

Sa(w,k)=ifdmfdm(sna(r,t)Sna(r+Ar,z+At)>
na

Xexp[ik-Ar—iwAt] (1
or
(8ny(r,t)8n,(r+Ar,t +At))
na
=y Jdk [doS,(o,kexp[ —ik-Ar+ioAt] .

()

The dynamic spectrum density function S(w,k)

*Mailing address.
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represents the power spectrum of the density fluctuation
in the frequency and wave vector space, which can give
the information of the collective interaction of the many-
body system such as a plasma [9]. In present paper the
dynamic spectrum density function of a dusty plasma has
been studied in a kinetic description with the following
assumptions.

(i) A static dusty plasma system is assumed. This
means that there is an external source in the system to
balance the plasma particles lost in charging the dust.
Such a case could be, for example, a dust cloud embedded
in an infinite plasma.

(ii) The dusty plasma is assumed in a state of weak tur-
bulence and weak coupling. We therefore linearize the
dynamic equations in which the pair correlation collision
term will be neglected.

(iii) The dust particles in the system are spherical with
the same radius.

II. CHARGE FLUCTUATION OF DUST IN A PLASMA

Unlike the plasma particles the dust particles are not
fully described by their location in {r,v} space because
their charge must also be specified. The phase space of
the dust particles must therefore be increased to include
the dust charge ¢q. The distribution function of dust par-
ticles N, in a phase space {r,v,q} satisfies a dynamic
equation:

d 9 q d
—_ o— + 2—-F.-—
o Ve tVa g Nat 3 By, N
0
+—[I(g)N,;]=0 3
aq[ ()N, ] (3)
The currents to a dust particle are
I@=3 [04q,v,)e0.Ny(v)dv,, )

where a={e,i}, and the collision cross section is
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ma? |1— 24¢ for 24¢q =1
am v am v
0,(q,0,)= 2ge, (5)
0 for 7=1,
am v,

e,,m, is the charge and mass of the particles, and a is
the radius of the dust particle [10]. The ensemble average
gives

(N,)=F,;
and

(N,)=F, .

Let N,=F;+68f;, N,=F,+38f,, where §f; and 8f,
refer to the fluctuation part of the distribution of dust
component and of the plasma, respectively. An equation
of the fluctuation of dust particles is found by the linear-
izing of Eq. (3) with the condition 8f; <<F; and
8f,<<F,. This gives

) 9 q oF,
—8f;+vy =—8f;+——0OE-—
o atvar g 0fat OB 5
0 _
+§q~ >, eafaa(q,va)ua(SfaFd-i-Sdea)dva—O .
a

(6)

In an equilibrium state, the charge on a dust particle is
found from the equation

16040)=3 [ 0uld0:00)eq0oFolvy)dv,=0 . 7

a
It can be seen that the equilibrium charge g, is deter-
mined by the density of plasma n,, its temperature T,
and the radius a of the dusty particle. On the assump-
tion that all dust particles in the plasma are of one size,

the equilibrium distribution function of the dust particles
can be written as

Fi(q,vy)=8(g—qy)Py(vy) . (8)
Now we define a function
SfA(r,va, )= [ (4 —40)8fa(r,v4,q,1)dg - ©)

A charge density fluctuation due to the changing charge
on the dust particles can be found from

Apy(r,t)= [8f8(r,vy,t)dv, . (10)

Multiplying Eq. (6) by (g —q, ), in which F, is substituted
by Eq. (8), and integrating over the g space, we get

3 d
32 8Fva 5 8f5+ Q818
+0,(v))S eq [ 0aq0,0a048f odv,=0 . (1)

In the above derivation Eq. (4) has been used in a form,
which is expanded at ¢ =g¢ as
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I(g)=—Q.(g—q,) ,
where
dq |9=49,

is called the charging frequency of the dust particle. This
is a measure of how rapidly the charge on the dust parti-
cle can change at given conditions.

Equations (10) and (11) give a charge density fluctua-
tion due to the changing charge on the particles which
does not exist except in a dusty plasma. The Laplace-
Fourier transform of them, which will be used in the fol-
lowing, is

Apyk,s)= [ 8£8(k,vy,5)dv, (13)

and

8f8(k,vy,t=0)

s+ik-v,+Q,

L Dulvy)
s+ik-vy+Q,

X3 [ 0uq0:0a)0,8f o (K, V,08,)d v, .

818k, vy,s)=

(14)

II1. DENSITY FLUCTUATION
AND CORRELATION FUNCTION

First, some general properties of correlation function
are introduced. The relation between a correlation func-
tion of the Fourier transform and the spectral function is

lin})zn( Ak, —io+n)B(kyio+n))
’q—-»
=(27)%8(k, +k,){ AB* >‘”rk1
=(2m)8(k; k) A*B ), - (15)

The fluctuations we consider are
8f (X, t)=N X,t)—F,(X,t), (16)

X is the sum of all variables of the phase space in which
the distribution functions are described. The correlation
function of the fluctuations is

(8f ol X 1,081 5(X5,1)) =8(X | —X,)8,5F (X 1,1)
+Gop(X 1, X501, 17)

in which F, is the single particle distribution, and G 5 is
the pair correlation function of the a and B species.
The dynamic equation of the plasma particles is

[s) 3 q 2

. . — +
_atNa+Va ———arNa+—aE aqua—vaNa Ty s (18)
where

'Va=—faa(qyua)vaNd(Vd,q)dvddq .
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The first term on the right hand side of Eq. (18)
represents the loss rate of the plasma particles in the dust
charging collision, and the second one J, is a source
term.

In many cases in space and in laboratory experiments
the dust cloud can be considered to be embedded in an
infinite plasma. Examples of this are planetary rings in
space, dust in a plasma sheath above a solid surface in an
etching process, and dust in other microelectronics plas-
ma processes [11]. In these cases the external source can
balance the loss of plasma in the charging collisions as as-
sumed in the Introduction. The dynamic equation for the
plasma is

3 d €q )
—_ -+ «— .
atN“ Ve arN"+ maE v,

N,=0. (19)

As in Sec. II, here (N,)=F,, N,=F,+8f,. With
the condition § f, << F, the linearization of Eq. (19) gives

ey oF
SE-
m, ov

9 .9 @ _
at Sfa+va al‘ 8fa+ =0 . (20)

a

From the Laplace-Fourier transform of this equation we

get

8f.(k,v,,t=0)
s+ik-v,

_ %a 8E(k,s) OF,
m, s+ik-v, dv,

8f ok, vy,s)=

(21)

The electric field fluctuation S8E(k,s ) should be derived
from Maxwell equations, for which the Laplace-Fourier’s
transforms are

ik-8E(k,s)=47 |3 e, [ 8f,(k,s,v,)dv,
a

+fq8fd(k,s,q,vd)dq dvy |,
ik-5B(k,s)=0 ,
ikXSE(k,s)=—%[s&B(k,s)—-b(k)] ,
and

ikXSB(k,s)=%[s6E(k,s)—e(k)]

+471T Eeafvaﬁfa(k,va,s)dva

+ fqusfd(k’vdrqys )dq dVd

(22)

Here e(k) and b(k) are the Fourier’s components of the
initial electric and magnetic field, respectively. From Eq.
(22) we get
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k28E—k(k-8E) = — - [s8E—e]— KXb.
c c
— AT 5ik,5) 23)
c
8i(k, )= ey [ Vedfo(k,Vps)dv,
a
+ [ avi8fi(k,vy,q,5)dgdv, . (24)

First, we consider the dust particles as a component of
the plasma, and that they have a mass M, and a constant
charge g,. Using Egs. (6) and (20) to calculate §f,(k,s)
and §f,(k,s) where we integrate along the undisturbed

orbits of the particles as in a normal plasma, we get from
Egs. (23) and (24) that

A-8By=Jy(k,s) . (25)

Here the Maxwell’s tensor A=e¢ I A L +ATX T
XL =kk/k?, XT=T—XL, Ar=er+c*k?/s% I is a unit
tensor, €; and € are the longitudinal and transverse
dielectric constants of the dusty plasma, respectively, and

4 VO fok,v,,t=0)

=_37
Tolk,s)= s %e“f s+ik-v, Vo

vdafd(k7vd’q0’t=0)
+40f Vd

s+ik-vy

ick><2b(k)+e(k) _
S S

+ (26)

Now let us consider the effect due to the charge chang-
ing of dust particles. An additional fluctuation of the
electromagnetic field should be produced by the current
and charge density fluctuation connected with the chang-
ing charge. They are

Ajd(k,s)=f(q—qo)vded(k,vd,q,s)dvd dg, @27
Bpa(k,s)= [(q—q0)8f4(k,v4,q,5)dv, dg
= [8£8(k,vg,5)dv, . (28)

The effects of the current fluctuations described by Eq.
(27) will be neglected because it has no effect on the longi-
tudinal field which is connected with the density fluctua-
tion. While the charge density fluctuation of Eq. (28) has
been calculated in Sec. IT and given by Egs. (13) and (14).

According to the Poisson equation an additional longi-
tudinal electric field fluctuation produced by the charge
density fluctuation of Eq. (28) is

ASE(k,s)=—_lkL;Tk—Apd(k,s) :

We rewrite Eq. (25) for the electric field fluctuation in the
dusty plasma as

i4mk

A- SE+= T Ap(kys) | =Tokys) - (29)

The longitudinal electric field fluctuation derived from
Eqgs. (26) and (29) is
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1 l —idnk

8f(k,v,,t=0 8f(k,v, ,q0,t=0) ;
BB, (k)= - : f a a'k,v4,99 vdl ]_ i4mk
L

)
eaf_—_s.dea+ f% stik-v, 2 Apy(k,s) . (30)

Substituting Eq. (30) into (21), we get
8f ok Vys) =81 (K, vy s)+8f T (K, v,,s)

| 8fa(k, vy, t=0) 1 i4me, k-0F,/0v,
- s+ik-v, €, k*m, s+ikv,

afB(k,VB,t:()) Sfd(k’vd,q()’tzo)

BB gyt d
ﬁge,ieﬂf stikv, P J a0 s+ik-vy Va

X

|

Apd(k,s)] , 31)

i4me, k-0F,/dv,
kzma s+ik-v,

where 81, and 8 refer to the first and second brackets of Eq. (31), respectively. Also, the density fluctuation can be
written as

8n4(k,s)= [ 8f4(k,5,v)dv,=8nl(k,s)+8nl(k,s) . (32)

Substituting Eq. (31) into (32) and using Egs. (13) and (14), we get

8nf,(k,s)=f Gfa;—l::;j‘tljo)dva_ 477)(,:2(k,s)
Xralkss)== ki‘i J ks.iil/-{::a Va s (34)
and
snits) == SR | e v,
— f%{_(‘:ﬁjﬂ_cdvd Bg‘;’ieﬂfaB(qo,vB)vBSfB(k,s,vB)de . (35)

In order to derive the dynamic spectral density fluctuation we first find some related correction functions which are
calculated based on Egs. (15) and (17). They are

SL(w,k)=——(snLlonl*),
2 2 2
2 41X ol 0, k) ep | 4mx 1o 0,k)
= H1 o (o k) [ 8w kva)Fa(va)dva-FBéaei e (o k) J 8(w—k-vp)Fy(vg)dvy
2
q5 | 47X o, k)
+“;g "W ff)(a)—k-vd)fbd(vd)dvd
=S, +sL,+sL; . (36)

Here S1;, S,, and S, refer to the first, second, and third terms in the equation, respectively.
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S}}(w,k>=ni<8n;5n§}* >w,k+ni<5n§,*5n{} Yok

a
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:n—dl?riRe[xL (w,k)]
n, o +Q§ “
x | |1— 477}{?&?;’)(’“;’)]]()] ﬁzelfaﬂ 90,0058 0 —k-V ) F yd v,
’ lﬁge,i ksz;:(E:jfw,k)] foB(qo’vB)vﬁE“%% v
e I
S mewvonii |

=S +Sa

Here SY| and S} refer to the first and second parts, re-
spectively.

In the above derivation the following relations have
been used:

€1 (—w,—k)=¢;(w,k),

Xi—o,—kK)=x,(0,k), (38)

lmf————mb—b—c———dx

n—0Y (x—in)x+in) IZ#IB(X

Wix)dx  (39)

and the inequality
Re[x4(@,k)]>>Im[x; (@,k)] . (40)

IV. DYNAMIC SPECTRAL DENSITY FUNCTION
OF A DUSTY PLASMA

A ratio of Egs. (36) and (37) leads to
1 SXw,k) Q|
S(w,k) @

c

(41)

Here P is a dusty plasma parameter, which describes the
importance of the dust charge in the plasma,
_ ngakgT,

(42)
ngpe

ng is the density of the background plasma in which the
dust is embedded and kg is Boltzmann’s constant [12]. A
dusty plasma is tenuous in dust when P <<1, and dense
when P >>1. The latter is a case of a strong Coulomb in-
teraction of dust which we are not concerned with here.
For a Maxwellian plasma the charging frequency, which
is found from Eqgs. (4) and (12), is

(37)
[
2 2 2
[5) ‘Ll W5
Q=i |- —=5 |+, (43)
\/2 UTe UTi
where we have used an abbreviation
2lg,le
cai: ~l90le .
m,a

In many situations in space and in experiments I' <<1
dueto P <<lor Q. /w<<1.

Neglecting the terms of higher order of I, the dynamic
spectral density fluctuation should be

S (0,k)=SY(0,k)+SN(w,k)
=s! +sL,+sL,+Ss +51 . (44)

The expressions of all terms in Eq. (44) have been given
by Eqgs. (36) and (37) in Sec. III. In the following we
make a detailed study of the electron dynamic spectral
density function in a dusty plasma. Setting a=e in Eq.
(44) and related Egs. (36) and (37), obviously we get a re-
sult which differs from that of a normal plasma. This
means that the collective interaction in a dusty plasma is
greatly changed by the existence of the dust particles.
Some points are summarized below.

(i) The term SXw,k) is the effect of the Coulomb in-
teraction of a dusty plasma in which the dust particles
have a constant charge q,. Here S.; is the effect of bare-
electron Coulomb interaction, S7, represents an effect of
dressed ions, while the term S, comes from the dressed
dust particles.

(ii) Equation (35) shows that S, is proportional to the
density ratio n, /n, and the ratio of charge square of the
dust charge number Z2=(g,/¢)?. In most cases, S} can
make an important contribution to SeI(a),k) since the
charge on the dusty particle is high. For a tenuous
(P <<1) hydrogen plasma



kgTa
o2

Z,=2.51 =1.75X10°[T (eV) a (um)] .

For such charges the Coulomb screening effect of the
dust particles increases the electron density correlation
greatly.

(iii) The term S™(w,k) describes the effect due to the
|

—41ee B

k-3Fy/3vg

]fO'B(qQ,Uﬂ)UB w—k'VB VB

ﬂzze,i kszRe[EL((O,k)

4meeq

~

B=e,i kszv%BwZRe[eL(a),k

— —2\/7T(12 a);zJe v 713 ex
3Rele (w,k)] | @? ' v, P
Wratvy ok vh, wu: U
"~ 3Rele (0,k)] o vd % | | 203,

We have used the inequality o /k >>v,, the expression
for the collision cross section Eq. (5), and an equation
which follows from Eq. (7); it is

U

2
UTe

2

2
a)pe

Cl)pi

Uri

2
i

exp

>

Ure 2w
where the plasma particles have been assumed to have a
Maxwellian distribution with temperature T',.

Substituting Eq. (45) into Eq. (37), we find in the case
of o >>aw,,

2 2 2
¢ 0o

SMaw,k)=P———— "%
¢ §w2+Q§ w*

o’ (46)
X exp | — s
vae P U%ekz
where for o <<, we find
O? w02
S k)=—pt—5L— 22
¢ §w2+Qg ot
n; w?
i exp | — —2
n, kvr; P vik?
q ’ 2
n
= : - 2(0 2
n, | e kv, vk
(47)
Here the abbreviation
64V 2752 ng m; | U
9 niO m, 2vTe
x |1+ U T. 1+T"+(ag -
20%3 T,' Te 21)%8

For a tenuous hydrogen plasma
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charge changing of dust particles. It is related to the dust
particle density n, and the charging frequency of the dus-
ty particle Q.. As shown in Eq. (41), S¥(w,k) gives a
correction of order PQ?2 /w? smaller than SX(w,k).

(iv) We evaluate S (w,k) in the long wavelength limit
(k—0). One of the coefficients in the expression for
S w,k) [see Eq. (37)] can be calculated approximately,

)] J 00,0905k Vg Fyg(vg)d v

ﬂg 0’12;,‘ (a;z
2 | T vn |1
Ve 1) 2v7;
—1’ ) (45)
f
n T
£=3.24X10°—2 |14+1.255—-5
nio T;
) —1
X | =——+2.255
e

It can be seen from Egs. (46) and (47) that there is a posi-
tive correction of SM(w,k) for the high frequency fluctua-
tion and a negative one for the low frequency fluctuation
due to the charge changing of dust particles.

(v) The dust particles have affects on dielectric proper-
ties and also changes the collective modes, especially for
the modes of low frequency. In some cases the inequality
(40) does not hold, for example, when the charging fre-
quency of the dust particle of Eq. (12) is compared with
the wave frequency. So the fluctuation of low frequency
in a dusty plasma, which are associated with the collec-
tive modes, will be different. A detailed study of this will
be presented in another paper. The result is that a strong
fluctuation exists if the charging frequency of the dusty
particle is much smaller than the frequency of the dust
acoustic waves; otherwise the fluctuation would be weak.

(vi) The power spectrum of scattered waves in a plasma
is directly proportional to the dynamic spectral density
function S,(w,k) of the plasma. The results here mean
that dust particles in a plasma can change the wave
scattering in a plasma substantially. As a result, scatter-
ing experiments, in addition to measuring the density
fluctuation spectrum of the plasma, also obtain valuable
information about the dust.

V. CONCLUSION AND DISCUSSION

It is well known that there is a rich class of phenomena
in plasmas which are related to their statistical proper-
ties. In the present paper the dynamic spectral density
function of a dusty plasma in a weak turbulence and
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weakly coupled state has been studied. The result shows
that the dusty grains change the electron density correla-
tion of the plasma in two ways: (1) a great increase of the
correlation due to the Debye screening of the dust parti-
cles, and (2) a positive correction for the high frequency
fluctuation and a negative correction for low frequency
fluctuation due to the charge changing of dust particles.

In the above study the assumption of weak coupling
means that a condition of the Coulomb coupling parame-
ter

(Zze)? .
=<1,
¢ dkgT
should be satisfied, where
T3

is the radius of a sphere with the characteristic volume
1/n,. This condition for a tenuous hydrogen plasma is
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173

ng
<<1.

-7, v 2 29 "d
,=7.1X[T (eV)][a® (um)~] [10° (em )]

It is valid for the cases of small grains with low tempera-
ture. Such cases could, for example, be the dust cloud in
space plasma. In other cases especially in the laboratory
the dusty plasma is in a strongly coupled state. The
weakly collision approach which has been used in this pa-
per could be invalid for them. But the results of this pa-
per show that the Debye screening of the dust particles
and the charge changing of the dust particles should
make significant effects on the collective properties of the
plasma.
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